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The improvement in the description of molecular liquids by statistical mechanics simulations, going beyond
the limitations of the pairwise additive approximation, has triggered the development of novel approaches
for the design of tractable and reliable sets of electrostatic and induction parameters. Progress made in this
direction over the past years is reviewed with an emphasis on the underlying theory of the formalism
utilized. Generation of the models of distributed multipoles and polarizabilities relies upon the knowledge of
the electrostatic potential and the induction energy mapped on a grid of points around the molecule.
Exploitation of the symmetry and the transferability properties of the latter is achieved by means of local
atomic frames of reference, which allow the distributed components to be expressed in a simple and compact
form. Investigation of the prototypical cases of benzene and naphthalene illustrates the robustness of the
methodology for the reproduction of electrostatic and induction interaction energies.
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1. Introduction and general overview

One of the grand challenges tackled by modern theoretical
chemistry is the accurate modelling of intermolecular interac-
tions by means of appropriately designed sets of parameters
that can be plugged directly into statistical mechanics simula-
tion packages used to investigate a wide variety of chemical
systems, ranging from simple molecular liquids to complex
biological assemblies. Among the underlying assumptions that
constitute the internal framework of the vast majority of
intermolecular force fields, the concept of transferability is
probably the most critical one. Whereas van der Waals para-
meters, determined from either accurate quantum chemical
calculations or statistical simulations of neat liquids, have
proven to transfer generally well between compounds of dis-
tinct chemical nature, the same cannot be said for both
electrostatic and induction parameters. The stringent depen-
dence of these terms on the chemical environment calls for a
careful case-by-case treatment that reflects the specificity of
any given molecule. Just like human fingerprints, electrostatic
potential and induction energy maps of two chemical species
are different and so should be the parameters that model these
quantities.

From a practical perspective, it is tempting to parametrize
electrostatic forces in terms of atomic quantities that can be
used directly in molecular mechanics calculations. Concep-
tually, this approach relies upon some kind of partitioning of
the total charge density into regions of Cartesian space that
correspond to atoms, as well as a selection of leading terms in
the classical expression of the forces exerted between atomic
distributions. Historically, macromolecular force fields have
restrained the description of the electrostatic potential to a
monopole approximation, allowing electrostatic forces to be
evaluated rapidly by means of simple Coulomb interactions,
and thereby neglecting the possible influence of higher-order,
local contributions, viz. dipole, quadrupole, etc.'* The ambig-
uous nature of charge models, ascribable to the fact that a
charge, per se, is not a quantum mechanical observable, has led
to the development of numerous alternatives for their deri-
vation.>®

One of the most well-known methods for partitioning a
molecular charge distribution into atomic pieces is based upon
the idea of Mulliken,” which consists in dividing equally the
overlap charge density, o,,(r) = ;(,‘j(r)xfl(r), between atoms a
and b on which the orbitals y;(r) and xﬁ(r) are centered. The
sum of one-center overlap charge densities, together with half
of the two-center overlap densities, constitutes an atomic
density. Mulliken charges simply correspond to the truncation
at the monopole level of the potential created by these den-
sities. Sokalski and Poirier® generalized the multipole expan-
sion of the Mulliken atomic densities and showed that the
reproduction of electrostatic properties can be considerably
improved by adding higher multipole moments. This model of
cumulative atomic multipole moments (CAMM) has been
successfully applied to calculate electrostatic interaction ener-
gies of intermolecular complexes, molecular crystals, ete’ Tt
ought to be noted that even if halving the overlap densities may
seem to be an arbitrary choice, it finds its justification in the
mathematical simplicity of the partitioning in terms of density

matrices D
Qa(r) = ZZD;WQ,,”(I‘) (1)
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An electrostatically optimized generalization of the above
scheme is due to Stone and Alderton,'®!" and to Vigné-Maeder
and Claverie,'> who elaborated independently a scheme for
partitioning densities expressed in Gaussian atomic orbital
basis functions. Whereas the Mulliken, or the CAMM ap-
proach halves products of atomic orbitals, which are linear
combinations of primitive Gaussian functions, the distributed
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multipole moments (DMM) are defined in terms of a weighted
partition of the overlap density of the primitive functions
themselves. The advantage of using primitive functions resides
in the fact that a product of two Gaussian functions is again a
Gaussian, located at the barycenter of the primitive functions.
The multipole expansion of the potential of such a product is
finite around the barycenter. The ensemble of multipole series
forms the overlap multipole moment (OMM) model, which
regenerates the exact multipolar part of the molecular electro-
static potential. The significantly more compact DMM model
can be obtained without an appreciable loss of accuracy by
translating each OMM onto the closest atomic center, or by
distributing it among several closely lying centers. DM Ms have
encountered a considerable success: they are implemented in
several standard quantum chemical packages and are widely
used for estimating electrostatic interaction energies, for
instance, in molecular crystals.13

Among the plethora of methods that have spread in the
literature, the idea that simple, atom-centered point charges
could be derived from the electrostatic potential has proven to
be the most widely accepted approach for determining electro-
static interaction parameters. Over the past twenty years, the
pioneering work of Cox and Williams'* has fuelled the devel-
opment of more sophisticated schemes capable of providing
compact sets of point charges to reproduce the electrostatic
potential as accurately and faithfully as possible. The target
reference potential is usually evaluated on a finite grid of points
from the solution of the Poisson equation with the charge
density of the quantum mechanically determined wave func-
tion.'>!¢ Alternatively, only its exact multipolar part, which
satisfies the Laplace equation, can be considered.!” The latter is
generated in a straightforward fashion for charge densities
expanded in Gaussian basis functions through an expansion
of overlap multipole moments.

On the road towards a fully quantum mechanical description
of reasonably large ensembles of molecules, still out-of-reach
for obvious computational cost-effectiveness reasons, statisti-
cal mechanics simulations have demonstrated their ability to
capture the many-body essence of intermolecular interactions
by means of appropriately designed polarizability para-
meters.'®2 In sharp contrast with electrostatic forces, hand-
ling of induction forces, which reflect the mutual electric
polarization of interacting molecules or fragments is, however,
somewhat more intricate on account of technical difficulties
intimately connected to the nature of these forces.>>** Repre-
senting the latter by utilizing atomic parameters inevitably
leads to an ambiguous choice in the partitioning of the
intrinsically nonlocal polarizability density into atomic con-
tributions. Aside from the methodological aspects related to
the determination of distributed polarizabilities, explicit inclu-
sion of induction effects in statistical mechanics simulations
results in a significant overhead, which has encouraged the
modelling community to opt for more approximate, pairwise
additive, effective potentials. For instance, taking advantage of
the conspicuous tendency of the 6-31G* basis set to exaggerate
molecular dipole moments, several authors have proposed to
derive their sets of net atomic charges from electrostatic
potentials evaluated at this level of approximation, thereby
inflating artificially the polarity of the molecules and compen-
sating, in an average sense, for missing induction effects. A
more rational approximation advocates the use of wave func-
tions determined from self-consistent reaction field (SCRF)
calculations,? wherein mutual polarization of the solute and
the solvent is accounted for by means of a dielectric conti-
nuum.?® %

Cognizant that effective potentials only provide a reasonable
description of chemical systems in which polarizability phe-
nomena can be neglected, a host of parametrization schemes
have been devised to handle induction forces explicitly. The
problem of a system of interacting polarizable particles has
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been first discussed by Barker in the fifties.*® Most of the
approaches follow the pioneering efforts of Applequist to
model many-body effects by means of interacting atomic dipole
polarizabilities.>' Similar in spirit to the method proposed by
Cox and Williams to determine net atomic charges, Nakagawa
suggested that distributed polarizabilities and hyperpolariz-
abilities could be derived from the perturbed potential of a
molecule polarized by a point charge.*>** Closely related to
this idea, the method of Alkorta et al. fits atomic polarizabil-
ities to the reference induction energy mapped around the
molecule of interest.*> The computational bottleneck of this
approach evidently lies in the evaluation of the induction
energy over sufficiently large sets of points to sample the space
around the molecule appropriately. Direct generation of in-
duction energy maps using a finite perturbation (FP) scheme>®
undoubtedly represents the simplest, but also the most expen-
sive, way to proceed. The induction energy, %ina «, arises from
the interaction of a nonpolarizable unit charge, ¢, located at a
given point, k, of the grid, with the molecule of interest:

Uina s = Erorark — 6° — GV ()

where &'oa1 1 denotes the energy of the molecule in the presence
of the polarizing charge. €° and V are the ground-state energy
and the electrostatic potential at point k of the isolated
molecule. As can be seen, mapping the induction energy over
a grid of N, points inevitably requires N, distinct quantum
mechanical calculations, generally using intramolecular elec-
tron correlation and double- to triple- type basis sets, thereby
limiting the applicability of the method to small enough
chemical systems. To avoid undesirable hyperpolarizability
effects and penetration of the charge densities, grids of points
are constructed with particular care, usually increasing purpo-
seéy the size of the van der Waals envelope of the molecule.'”*

As an alternative to the costly FP approach, approximate,
infinitesimal second-order perturbation theory can be applied
to obtain induction energies,‘m’41 using restricted Hartree—Fock
(RHF) wave functions:

2

1 *
(3)

acocc revir I

Here, ¢, and ¢, denote, respectively, the energy of occupied, a,
and virtual, r, molecular orbitals of the isolated molecule. |¢,,)
stands for a basis function and ¢, is the coefficient of atomic
orbital p in the occupied molecular orbital a¢. The main
advantage of this method resides in the fast mapping of the
space around the molecule, based on a single quantum me-
chanical calculation. Its obvious drawback is rooted in the
underlying approximations of the method, making use of an
uncoupled form of the perturbed Hartree—-Fock equations and
the limitation to the RHF level, thus necessitating an a poster-
iori scaling of the computed induction energies to yield the
expected answer.>® A more rigorous approach has been devised
recently by Williams and Stone for the direct evaluation of the
induction energy on the basis of coupled-perturbed density
functional theory (DFT) computations.**

One of the major dilemmas faced by the molecular modelling
community is to increase the level of sophistication of current
potential energy functions and thus limit the sampling in
statistical simulations, or, alternatively, content itself with
minimalist force fields to explore chemical and biophysical
phenomena that occur over significant time scales. This choice
will evidently be dictated by the problem investigated and the
nature of the chemical systems. Whereas for large, complex
assemblies of atoms and molecules, a rough representation of
electrostatic forces by Coulomb interactions may prove to be
satisfactory at a qualitative level, it may be desirable, in small

qk
Xk: v — x|
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enough systems, to improve the description of the constituent
molecules by means of more sophisticated potential energy
functions, if quantitative results are sought.*> A major step
forward on the road to more accurate intermolecular inter-
action models was made in the seventies by Claverie,* who
showed the undeniable advantages of a piecewise parametriza-
tion of the physically distinct contributions of intermolecular
energies and forces:

‘%mtal = Uetec + Uing + UZ/disp + %rep (4)

where Xeiecs Uind> Uaisp and % ep, respectively, stand for the
electrostatic, the induction, the dispersion and the repulsion
contributions to the total interaction energy, % otal-

The elegant and compact formalism developed by Stone for
the determination of electrostatic and induction parameters is
based on quantum mechanical monomer wave functions.''**
The key concept of distributed multipoles'®!! and distributed
polarizabilities** constitutes, at least in principle, the optimal
route towards the calculation of extremely precise electrostatic
and induction energies. Unfortunately, this DMM partitioning
scheme is doomed to fail on account of the distributed response
properties of the molecule, prone to be basis-set-dependent and
leading to physically unacceptably high individual polarizabil-
ity components.***’ Moreover, the constructed models soon
become excessively complicated and intractable, as a conse-
quence of the myriad of terms involved. Considering that a
reasonably high level of theory is necessary to guarantee
accurate distributed electric properties, the computational
effort required to handle large molecular fragments is in many
instances sufficiently overwhelming to force one to turn to the
key concept of transferability, prevalent in most macromole-
cular force fields.

Only a handful of schemes targeted at partitioning the
molecular volume into atomic or possibly larger regions of
space possess acceptable transferability properties. For in-
stance, simple net atomic charges derived from quantum
mechanically determined electrostatic potentials are only par-
tially transferable.*®**%° Whereas polar moieties, which are
well-described by atom-centered point charges, transfer gen-
erally well between chemically homologous compounds, the
same cannot be said for nonpolar fragments, which require
higher-order local multipole moments for their accurate repre-
sentation.’®>! In sharp contrast with the previously discussed
partitioning techniques that are based on the assignment of
atomic orbital basis functions onto atoms or functional
groups, partitioning the 3D physical space into mutually
exclusive domains can also be contemplated. The formalism
of atoms-in-molecules proposed by Bader,>* which relies upon
the topological partitioning of molecular charge densities,
constitutes one possible appealing solution to circumvent the
shortcomings of more rudimentary approaches like electro-
static potential derived charges and its numerous variants. The
atomic domains, separated by the zero-flux surfaces, behave
like quantum mechanical open systems and obey a number of
fundamental quantum mechanical principles—for example, the
virial theorem holds within each atomic domain. From a
chemical standpoint, the most important feature is that these
domains have very good transferability properties. Atomic
charges and multipole moments are reasonably constant for
atoms in different molecules found in chemically analogous
environments. These multipole moments should be evaluated
by numerical integrations within the atomic domains of often
quite complicated form. The multicentered multipole expan-
sion of the electrostatic potential based on the atoms-in-
molecule scheme is slightly less effective than the DMM
models. As has been demonstrated by Popelier and Kosov,
the convergence properties of the multipole expansion for
electrostatic potentials and interaction energies based on
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topological atoms are, nevertheless, more favorable than ex-
pected before.>* %6

Combining the partitioning of the physical space into atomic
regions with the powerful concepts of distributed multi-
poles!®!! and distributed polarizabilities**™’ is at the origin
of a novel approach called topologically partitioned electric
properties (TPEP), which, at the price of numerical integra-
tions over atomic basins, yields accurate and transferable
electrostatic and induction models.’”®® In this framework,
the induction energy is obtained from the double space inte-
gration of the charge density of atom B, p®(s), and the
susceptibility density of atom A, rx?,,, sme(r,r), written as:

/ds/ds/dr/dr

(0, XY T (', 8)pB(s")

W/ A — B Tg m

A
)“hn,i’ m'

()

where T, (s,r) is the /m element of the charge-multipole
interaction tensor. o2, s,.(r,r') is related to the multipole
polarizabilities, defined by:

A A
Lom,0m :/dr/dr/R?m(r)a[m,é’m’(n l‘/)R?,m;(l‘/) (6)

and R,,,(r) stands for a regular spherical harmonic.

Just like standard models of distributed multipoles or dis-
tributed polarizabilities, TPEP models®’ " are plagued by the
same tendency to involve a cumbersome plethora of indepen-
dent parameters that might be relevant for benchmark applica-
tions, but are evidently too complicated to be plugged directly
into molecular statistical simulations. The complexity of these
models, which are difficult to handle in a practical fashion, can
be ascribed to countless small, nonlocal components, corre-
sponding to tedious, lengthy multipole expansions. It is, there-
fore, legitimate to wonder whether compact, tractable models
can be designed without jeopardizing accuracy. One possible
route towards this goal consists in increasing moderately the
complexity of the model and subsequently map around the
molecule the induction energy, to which a reduced set of
polarizability components are fitted numerically. In spirit, this
solution is very similar to the method devised by Ferenczy and
colleagues®®®! to construct compact models of atomic multi-
poles based on elaborate distributed multipole analyses
(DMA) 10,11

Transforming intricate, large ensembles of components into
finite sets of physically meaningful, optimally partitioned
electric properties (OPEP) constitutes a promising alternative
to conventional distributed multipole and polarizability ana-
lyses.®? In essence, OPEP represents a new route towards the
derivation of reliable interaction parameters from virtually any
electrostatic and induction data set, evaluated on a grid of
points that samples the space around the molecule. These
interaction parameters, ranging from simple net atomic
charges and charge flows to more sophisticated distributed
multipoles and polarizabilities, can be readily plugged into
standard statistical simulation packages. Starting from a
knowledge of the molecular geometry and running the relevant
quantum chemical calculations, compact sets of parameters
can be determined seamlessly, using various fitting procedures
that take advantage of the molecular symmetry through local,
atomic frames of reference and, whenever needed, properly
selected constraints.

In the present contribution, progress made in recent years
towards the design of OPEP are reviewed. The following
section describes the framework, in which electrostatic and
induction parameters are derived, introducing the working
equations and providing the necessary computational details
for the construction of those grids of points over which the
relevant electric properties are mapped, the definition of local
frames of reference to account for the molecular symmetry,
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and the fitting of the distributed properties. The methodology
is then illustrated and discussed critically through the example
of two prototypical aromatic compounds, benzene and
naphthalene.

2. Theoretical background and computational
details

2.1. Construction of the grid

A common route for the determination of distributed multi-
poles and polarizabilities consists in evaluating quantum
mechanically the relevant electric properties—either the electro-
static potential or the induction energy, using Cartesian grids of
regularly spaced points in the x, y and z directions around the
molecule. The total number of points, Np, of the grid is dictated
by two parameters—uviz. a multiplicative factor, &, for the van
der Waals radius of the participating atoms and the separation,
Ar, between consecutive points. All points lying further than &
times the van der Waals radius®® from any nucleus are dis-
carded. In addition, points located within the so-called van der
Waals envelope are also rejected. Remembering that the elec-
trostatic potential is the sum of a long-range, multipolar
contribution and a short-range, exponentially decreasing con-
tribution due to the penetration of electron clouds, it should be
ascertained that the former is not contaminated by the lat-
ter.!”3738 By doubling the van der Waals radius of those atoms
forming the molecular envelope, the “exact” multipolar part of
the quantum mechanical electrostatic potential can be safely
described by distributed multipoles. In the context of distrib-
uted polarizabilities, it is recommended to adopt a similar
strategy to avoid hyperpolarizability effects, which are likely
to modulate the fitted induction interaction parameters.’%>%:%*

Definition of the shape and the size of the grid is dictated by
the electric property to which interaction parameters will be
fitted. On the basis of a thorough analysis, it has been con-
cluded that by setting £ < 4, the space around the molecule is
appropriately sampled when distributed multipoles are derived
from the electrostatic potential.>”*® Increasing ¢ leads to an
exaggerated weight of those points lying far from the nucleus,
reinforcing artificially the contribution of long-range multi-
poles—viz. the charge and the dipole, at the expense of the
more subtle, short-range components. The same study revealed
that beyond a certain threshold of Ar, ca. 0.4 A, increasing
further the density of points by diminishing the step of the grid
has virtually no effect on the fitted atomic multipoles. In the
light of a similar investigation, it has been shown that regions of
space appreciably far from the nuclei ought to be sampled
adequately to warrant a faithful reproduction of molecular
dipole polarizabilities. This stringent condition is usually ful-
filled by choosing ¢ = 5 when building the grid over which the
induction energy is mapped.’® Compared to the molecular
electrostatic potential, the density of the grid, however, appears
to be of lesser importance when mapping the induction energy,
thereby limiting the number of points to a reasonable value—a
crucial requirement in the context of costly FP calculations. Put
together, electrostatic potential grids are characterized by a
high density of points lying close enough to the nuclei, whereas
induction energy grids exhibit a lesser compactness, but a
greater spatial extension from the molecule.

2.2. Distributed multipoles

The electrostatic potential created by an isolated molecule is
evaluated quantum mechanically on a grid of N, points. Using
a multipole expansion, this reference quantum mechanical
(QM) potential, ¥y, can be approximated by:

V=2 Z 2 T

Vk=1,...,N, (7)
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where QY. is the /x real spherical harmonic component of a
multipole located at point r,. Here, T =T (e — 1,). The
optimal series of distributed multipoles is obtained by mini-
mizing the functional:

Np

=3 (- ")’ (8)

k=1

S{Q4})

The number of distributed multipole components to be
determined is equal to N, =Y [2N(a)+ 1]. The solution,

Q = (0, -+, Q“), which minimizes f(Q7,), satisfies the
so-called normal equations of the least-squares problem:
T'TQ =T'V )

where T is an N, x N, matrix, the elements of which are 75V
is an N, vector containing the different values of the electro-
static potential, V. Provided that the rank of T is equal to N,
the matrix product T'T can, in principle, be inverted,®® thus
leading to the optimal, least- squares solution, Q. Translation
of the distributed quantltles O,/ using the translation
function defined by Stone,® ylelds the molecular moments at
the origin.

In a number of cases, it may be desirable to constrain the
total sum of partial charges to a predefined value. Although the
use of reasonably dense grids of points guarantees a satisfac-
tory reproduction of the total charge, small systematic errors
can be advantageously avoided by imposing charge conserva-
tion. Furthermore, following the philosophy adopted by sev-
eral statistical mechanics codes, in which a group-based
truncation of electrostatic forces is implemented, the charge
of selected fragments can be constrained.®> From a more
general perspective, this approach could be employed for
the piecewise construction of macromolecular charge density
models.

Aside from the molecular multipole moments, which allow
the modeller to appraise the quality of the derived distributed
moments by direct comparison to the corresponding reference
QM expectation values, a global assessment of the fitting
procedure is possible through an evaluation of the root-
mean-square deviation (RMSD) and the mean relative devia-
tion, Ae, between the quantum mechanically determined and
the regenerated electrostatic potentials:

RMSD = { Z (Ve = Vi) }1/2

_ L V=V
de= Np/Z Vi
k

(10)

2.3. Distributed polarizabilities

As has been shown previously, the induction energy resulting
from the polarization of the molecule by a nonpolarizable
charge can be expressed by eqn. (2). Usually, a default value of
the polarizing charge equal to +1.0 electron charge unit (e.c.u.)
is chosen to map the induction energy over the grid of points.
This choice, however, is not expected to affect significantly the
derived models of distributed polarizabilities.”>** As was
demonstrated in a recent study, provided that the points of
the grid lie sufficiently far from the nuclei to avoid possible
hyperpolarizability effects, variation of the charge from —0.7 to
+1.2 e.c.u. results in the expected change of the induction
energy.®* In principle, the latter is anticipated to be invariant
with respect to the sign of the polarizing charge, ¢;. In reality,
however, the electron cloud is polarized differently with +g¢;
and —gy, which is an artifact of the FP approach. Polarizing
charges of identical magnitude, but of opposite sign are,
therefore, expected to yield slightly different results, albeit of
comparable quality and accuracy.

View Article Online

2.3.1. Implicitly and explicitly interacting distributed polar-
izability models. The response of a many-body system to an
external polarizing field is essentially nonlocal. Two possibili-
ties may be considered, which differ in the way they take into
account the coupling of the distributed subunits The explicitly
nonlocal polarizability parameters, oc/K s+ describe the re-
sponse of a given subunit—or more specifically, a pair of
subunits—to the external field, that is the field created by the
permanent charge distribution of the whole system. In this
case, the interaction of the subunits, leading to the coupling of
the polarizability response of different subunits of the mole-
cular system, is included implicitly, at the quantum mechanical
level. This model will be referred to as the implicitly interacting
polarizability model.

The reference induction energy, %inq.x, can then be approxi-
mated at any given order of a distributed polarizability expan-
sion:

Ny(a) Ny(b

}Zlmdk - 772 Z Z E Zq/(T[/:éOC;’,Ié//K/Té;];/Qk, (1])
Vk :1,...,]\1p

where the many-body polarizability components, O(‘;i./’,(', can
be parametrized directly. N/(a) and N,(b) denote the orders of
the multipole expansion at centers a and b, respectively.

Most of the polarizable force fields adopt a different view-
point, by reflecting the many-body nature of the polarizability
response through an explicit but approximate interaction
model. Such schemes with various degrees of sophistication
have been proposed, ranging from the simple dipole—dipole
interaction scheme of Applequist’! to various screened multi-
pole-multipole models, like those of Birge®” or Thole.%® The
general form of such an explicitly interacting many-body
polarizability model is:

a=8a=(I+aT)'a (12)
where S, the screening matrix, depends on the “‘explicitly
interacting” multipole polarizability parameters, a, of the

individual subunits as well as on their geometry-dependent
interaction function T. The advantage of this latter formula-
tion is that the number of possible components to fit increases
linearly, rather than quadratically, with the number of atoms.
Furthermore, these polarizability parameters are supposed to
be conformationally independent, since it is the explicit inter-
action that is supposed to absorb most of the conformation-
dependence of the polarizability.*® The price to pay, however,
is the approximate and rudimentary character of the coupling
interaction, compared to the full quantum mechanical descrip-
tion of the coupling in the implicitly interacting model.

2.3.2. Calculation of implicitly interacting polarizability
models. Here oz/,\ s+ stand for the components of the many-
body polarizability tensor o® that corresponds to sites a and b.
The total number of distinct components of @, which contains
all possible one- and two-center distributed polarizabilities,
is Ny =3 [2Ni(a) + 1] x [2N¢(b) + 1]. Interestingly enough,

a<b

eqn. (11) yields the total induction energy, wherein higher-
order terms are strictly zero. This is a consequence of using a
nonpolarizable perturbing charge, ¢,. In practice, the number
of non-zero components, N. < N, is kept as low as possible
without compromising the accuracy of the fit. As has been
commented on by Nakagawa,>>* sampling of the space
around the molecule might be improved by considering in
eqn. (11) all pairs of grid points, {k,k'}, at which the polarizing
charge is located, which increases the data base of induction
energy values to N, x (N, — 1)/2.

Since the number of components of « to be determined is
substantially smaller than the number of points of the grid, the

New J. Chem., 2005, 29, 411-420
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over-determined system of linear equations expressed in eqn.
(11) can be conveniently rewritten in a matrix form similar to
that proposed for distributed multipoles:

Bo = Uind (13)
where Uj,q4 1s the vector that contains the induction energies
computed at various locations of the polarizing charge. B is an
N, x N, matrix constructed with the N, x N electrostatic
tensor, T. The elements of matrix B are defined by:

1
Bo =S @ThTh

Vk,s=1,...,N¢ (14)
where s = (ab; /x; /'k"). The computational effort involved in
the fitting procedure can be reduced appreciably by considering
the symmetry relationship oc?ﬁ,/v,\u = oc?‘v’,c',/,c, so that only the
upper triangle of matrix B is evaluated. The dimensionality of
the least-squares problem is lowered accordingly to, at the
most, N, x Ne(Ng + 1)/2.

The matrix block that corresponds to charge flow polariz-
abilities requires particular care. The solution provided by the
fitting procedure may turn out to be mathematically correct,
but not necessarily physically so. A crucial property that the
algorithm ought to enforce is the absence of an induced net
charge in the molecule of interest.

The over-determined system of linear equations, summar-
ized in eqn. (11), is solved by minimizing the functional:

g }) =S (Uinas — Uinar)’
k

(15)

Its optimal solution, in a least-squares sense, satisfies the
normal equations:

B™Bo = BTU,4 (16)
Provided that the rank of matrix B is equal to N, the matrix
product BB can, in principle, be inverted, hence, yielding the
set of NV, polarizability components.

In the spirit of the translation of atomic multipole moments,
molecular polarizabilities may be regenerated from the distrib-
uted components, employing the formulae devised by Stone.5¢

The accuracy of the fit may further be probed by means of
the RMSD and the corresponding mean relative deviation, Ae,
introduced in eqn. (10), replacing the target electrostatic
potential by the induction energy mapped on the grid of N,
points.

2.4. Molecular symmetry and local frames of reference

In order to be useful, electrostatic and induction parameters
should reflect the symmetry of the molecule and the transfer-
ability properties that are expected for a given family of
chemically similar compounds.’” These requirements are of
paramount importance when designing multipurpose, all-
atom, macromolecular force fields, in which the number of
different types of atoms is necessarily limited for obvious
practical reasons. Discretization of electric properties on a grid
of points unavoidably results in slight variations in the fitted
parameters of symmetry-related atoms. It is, therefore, recom-
mended to preserve molecular symmetry by imposing exact
transformations between tensor properties of these symmetry-
related atoms. In contrast, transferability exploits the approxi-
mate equivalence of the tensor properties common to those
atoms that share similar chemical environments. Whereas
the transformation of zeroth-order properties—atom-centered
point charges and charge-flow polarizabilities—is trivial,
equivalence of higher-order properties cannot be captured
without appropriate transformation into a common frame of
reference, which requires a preliminary analysis of the local
environments in the molecule.
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Once the local frames of reference are determined, distrib-
uted multipoles or polarizabilities can be derived from the
relevant electric property over families rather than individual
atoms. To achieve this goal, use is made of the formalism of
charge-multipole interaction tensors, T’é‘o’,/,c(Qa), that intrinsi-
cally depend upon the orientation, Q,, of the local frames of
reference, in which the multipole moments, Q%,, are calcu-
lated.®® Adopting this philosophy, the approximation of the
QM electrostatic potential defined in eqn. (7) may be readily
restated into:

5 Ni Ne(4) P Ny(A4) /

Pe=3 313 00 D TH@).
A=1 ¢ K acA

Vk=1,...,Np

Here, N; denotes the number of families of symmetry-related
atoms, and N,(A4) is the number of atoms belonging to family
A. The approximate expression of the induction energy, viz.
eqn. (11), can be rearranged in a similar spirit, allowing one to
work with a non-redundant set of polarizability parameters.

2.5. Computational details

The prototypical cases of benzene and naphthalene were
chosen to analyze the relative performance of simple models
of distributed multipoles and polarizabilities. Molecular geo-
metries were optimized at the second-order Moller—Plesset
level of theory (MP2), using the Gaussian suite of programs
with the triple-C-like 6-3114++G** basis set. The open-source
code OPEP was employed to construct the grids of points (see
Fig. 1), over which the molecular electrostatic potential and the
induction energy were subsequently mapped. In the case of the
former, sufficiently dense Cartesian grids were obtained with
{ =3 and a grid step of 0.42 A. This corresponds to 8008 and
9851 points for benzene and naphthalene, respectively. As has
been underlined previously, mapping the induction energy
requires somewhat more diffuse Cartesian grids, with a greater
spatial extent of the points. This is achieved by setting ¢ to 5,
and Ar to ca. 0.75 A. Taking advantage of the molecular

Fig. 1 Construction of a grid of points around benzene. In sharp
contrast with quantum mechanical electrostatic potentials, induction
energies are mapped over points with a sufficient spatial extent from
any nucleus—viz. typically up to five times the participating van der
Waals radii. To avoid spurious penetration and nonlinear hyperpolar-
izability effects, the van der Waals radius of those atoms forming the
molecular envelope has been doubled.
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symmetry, only 115 points were actually considered for ben-
zene, and 214 for naphthalene. The full grids of points sam-
pling the space around the molecules can then be recovered by
applying the relevant symmetry operations. This step, however,
may not be necessary, should the electric properties be fitted
for families of symmetry-related atoms instead of the complete
set of atoms forming the molecule. In the first instance, the
non-redundant information contained in a reduced portion of
the molecular space is sufficient to account for induction
phenomena over the entire molecule. The electrostatic poten-
tial was computed using the Gaussian suite of programs®® at
the MP2 level of approximation with the basis set of Sadlej,”®,
which was shown to represent a middle ground between the
number of basis functions and the accuracy to reproduce
electric properties. Induction energies were derived from an
FP scheme, at the same level of theory.

3. Results and discussion

The models of distributed multipoles for benzene and naphtha-
lene are presented in Table 1. From the onset, it can be
observed that, whereas models limited to a monopole approx-
imation (model 1b) provide a reasonable reproduction of the
target MP2/Sadlej electrostatic potential, inclusion of point
dipoles onto the participating carbon atoms (model 1a) im-
proves the agreement markedly. It may be safely inferred that,
for these aromatic compounds, models consisting of atomic
charges and dipoles probably constitute the best compromise
between accuracy and tractability.’! From a transferability
point-of-view, it should be noted that only the Cg carbon
atoms of naphthalene bear a point charge comparable to that
found in benzene, which reflects the similar chemical environ-
ments of these atoms. Interestingly enough, usage of local
frames of reference allows distributed moments to be written

Table 1 Models of distributed multipoles and regenerated molecular
multipole moments of benzene and naphthalene, at the MP2/Sadlej//
MP2/6-3114++4G(2d,2p) level of approximation

Distributed Molecular MP2/Sadlej
multipoles multipoles

Benzene

Model la Qg€ 02195 Qs  —6.5508  —6.5657
Q00" —0.2195 Q4  178.7703  182.2422
010° 0.2080
RMSD/107% a.u. —0.061
% Ag 5.586

Model 1b Q¢ —0.1437 Qyy  —6.4436  —6.5657
Qoo 0.1437 Qs  139.5256  182.2422
RMSD/102 a.u. 0218
% Ag 28.849

Naphthalene

Model 1a Q™" —0.9079 0,y —10.2908 —10.3035
000" —0.1969 Qo 0.0554 0.0684
00 12704 Q4  564.6107  567.1866
Qoo™ 0.2106 Qs —260.9683 —261.8359
Qoo™ 0.2590 Qs 97.9001  96.5461
0105, 0.2209
011" ~0.7924
010" 0.4282
011" 0.3969
0% —1.4968
RMSD/107% a.u.  0.046
% As 2.093

Model 1b Qg™ —0.3826 0,y —10.2466 —10.3035
000* —0.1426 Qe 0.0953 0.0684
Q00" 0.3356 Qs  539.3711  567.1866
Qoo™ 0.1941 Qs —264.8325 —261.8359
Qoo™ 0.1633 Que 119.2445  96.5461
RMSD/102 a.u.  0.116
% Ag 8.382

View Article Online

a

Fig. 2 Definition of the local frames of (a) benzene and (b) naphtha-
lene utilized to derive the models of distributed multipoles and
polarizabilities. Passage between local frames is achieved by applying
the symmetry operations appropriate to the molecule.

in a convenient and compact form. Expression of these mo-
ments for the different atoms of the molecule can be readily
recovered by applying the appropriate symmetry operations, as
suggested in Fig. 2. A closer examination of the regenerated
molecular moments in Table 1 reveals that models limited to
net atomic charges offer a surprisingly remarkable description
of molecular quadrupoles.”’ This result rationalizes the success
of molecular mechanical force fields for investigating m—m
association, wherein quadrupole interactions can play a sig-
nificant role.””

Explicit inclusion of induction effects may turn out to be a
critical issue in the case of aromatic compounds interacting
with highly polarizable species like ions. Such is the case, for
instance, of cation—r interactions, which are commonly found
in a host of molecular assemblies, in particular those of
biological interest.”> Modelling of cation—n complexes by
means of molecular mechanical force fields illustrates the
shortcomings of the pairwise additive approximation.”*”® In
Table 2, four distinct models of distributed polarizabilities are
proposed for benzene and naphthalene, at diverse levels of
sophistication. The simplest description corresponds to charge
flow polarizabilities only (model 2a) and yields a rather poor
reproduction of the target MP2/Sadlej induction energies.
Discrepancies originate mostly from the absence of out-of-
plane components, which tends to exaggerate the in-plane,
Oy1e11e and oyg 11s, contributions.>® Representation of out-of-
plane molecular polarizability components can, nonetheless, be
enforced by utilizing atomic dipolar models. If the latter are

E|()C
A

Fa £

a [EEK[ b | Ecx‘

Fig. 3 Illustration of how negative local components occur in a model
of implicitly interacting distributed polarizabilities. In the prototypical
case of naphthalene, the external polarizing field creates induced dipole
moments on the outermost carbon atoms (black arrows). The local
field felt by the central, C,, carbon atoms corresponds to the sum of the
external field and that generated by the induced moments. This effect is
dominated by the superposition of the induced fields, the direction of
which is reversed with respect to that of the external field (a). The
induced dipole moments are parallel to the local field, but anti-parallel
to the external field. Since in the model of implicitly interacting
distributed polarizabilities, polarizability components describe the
proportionality between the induced moments and the external polar-
izing field, the central C, carbon atoms necessarily bear negative
atomic dipole polarizabilities (b).

New J. Chem., 2005, 29, 411-420
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Table 2 Models of distributed polarizabilities and regenerated molecular polarizabilities of benzene and naphthalene, at the MP2/Sadlej//MP2/6-

3114++4G(2d,2p) level of approximation

Distributed polarizabilities Molecular polarizabilities Experimental’®
Benzene
Model 2a atgo" —2.281 10,10 0.000 47.7
OC()()CH —-4.017 A11c,1lc 97.91 79.2
A11s.11s 97.91 79.2
RMSD/107% a.u. 0.383
% Ae 28.537
Model 2b O1m,Im 11.467 10,10 68.80 47.7
A1ie,llc 68.80 79.2
A11s,11s 68.80 79.2
RMSD/107* a.u. 0.214
% Ae 16.346
Model 2¢ ago" —1.822 %10.10 47.54 47.7
OC()()CH —0.280 A1lc,1lc 89.09 79.2
OCOO]m.lmC 7.923 A11s.11s 89.09 79.2
RMSD/1073 a.u. 0.025
% Ae 2.737
Model 2d O(l(),]()c 10.163 210,10 47.48 47.7
T 19.347 Ullelle 88.53 79.2
A11s.11s 7913 A11s,11s 88.53 79.2
RMSD/107% a.u. 0.027
% Ae 2.674
Naphthalene
Model 2a oo P 22.374 ®o.10 0.00 70.9
T et —32.955 Ullelle 427.51 162.0
A St 54.428 Ui1s1ts 88.51 119.5
P et —104.671
oo H® 1.187
o i —12.516
RMSD/1073 a.u. 0.217
% A 16.442
Model 2b O1m,1m 49.563 10,10 106.04 70.9
Uim.im 20.248 Uiledle 106.04 162.0
O im,1m v —86.602 A11s,11s 106.04 119.5
RMSD/1073 a.u. 0.100
% Ae 7.797
Model 2¢ oo *P —2.895 10,10 75.38 70.9
aOOCV —2.031 Ate,1lc 174.18 162.0
oo PP —2.249 Uiisits 121.59 119.5
a1o"YC 3.156
Y i —0.296
oo PP 0.351
tmam 21.063
T tme 6.708
O1m,Im —17.852
RMSD/1073 a.u. 0.026
% Ae 1.993
Model 2d O(]()’]OCO( 24.098 %10,10 74.66 70.9
O1le,llc * 38.469 A11c,1lc 175.65 162.0
OC]]S’HSCal 18.599 A11s.11s 121.34 119.5
%10,11¢ * 3.169
210,10 12.398
O1le,llc 10.722
X11s,11s 8.309
0610,11cC —1.960
010" —12.316
t1e 11! —10.563
alls,llscy —16.488
RMSD/1073 a.u. 0.025
% Ae 1.948

limited to an isotropic atomic description (model 2b), a some-
what better agreement with the MP2/Sadlej induction energies
is obtained. Yet, such models remain inappropriate because
they impose the equivalence of in-plane and out-of-plane
polarizability components. This effect is particularly glaring
in the case of naphthalene, which exhibits a strong anisotropy,
manifested in the components of its molecular dipole polariz-
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ability. Anisotropy effects may be mimicked by either consid-
ering anisotropic polarizabilities explicitly (model 2d) or by
incorporating charge flow polarizabilities in the isotropic mod-
el (model 2c). For both benzene and naphthalene, these two
representations behave similarly, leading to equivalent repro-
ductions of the target induction energies. Compared to a fully
isotropic description, introduction of anisotropy reduces by
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two orders of magnitude the RMSD between the reproduced
and the quantum mechanically calculated induction energy.
Furthermore, the regenerated molecular dipole polarizabilities
for these two models agree quantitatively, and approach the
corresponding experimental values.”® It is worth noting that,
contrary to the C, and Cg carbon atoms, the atomic polariz-
ability borne by C;, is negative, as predicted by Fig. 3. This
phenomenon is rooted in the implicit interaction model
adopted in the present scheme to account for induction effects.
In the classical view, the polarizability parameter describes the
proportionality between the induced dipole moment and the
local electric field—that is, the superposition of the external
field and that created by the induced moments—rather than
the external one, as assumed in the implicitly interacting
polarizability models. The local field felt by the central carbon
atom, C,, is inverted with respect to the external field, owing to
the cumulative contributions of the participating induced
moments borne by the surrounding atoms.

4. Concluding remarks

Improving the accuracy and the reliability of the electrostatic
and the induction contributions of multipurpose potential
energy functions undeniably constitutes one of the major
challenges faced today by the modelling community, as statis-
tical simulations of increasingly complex molecular assemblies
are becoming more precise and realistic. Design of well-
behaved models of distributed multipoles and polarizabilities,
for which accuracy and compactness are optimally balanced, is
now within reach using the set of tools described herein. This
tool kit relies upon robust numerical approaches that take
advantage of both the symmetry and the transferability proper-
ties of the functional groups by means of local atomic frames of
reference.%? It epitomizes the progress made in recent years in
the development of adapted methods for the derivation of
distributed polarizabilities,* following a non-heuristic scheme
and based on an accurate determination of the quantum
mechanical induction energy, which has been discretized on a
grid of points.>® Whereas the resulting models, in principle,
may be plugged directly into a simulation program capable of
handling polarizable systems, great care should be taken when
considering how induction phenomena are treated. In particu-
lar, the full quantum mechanical approach proposed here,
which has been referred to as the implicitly interacting polariz-
able model, is not suited for the statistical simulation of flexible
molecules. The model is parametrized for a given geometry
and, therefore, cannot account for the variation in the mutual
interaction of the individual subunits when the conformation
of the molecule changes. On the other hand, an explicitly
interacting polarizable model, relying on a heuristic description
of the intramolecular interactions, is able to follow variations
in the molecular response caused by conformational modifica-
tions. Careful selection of non-redundant components also
represents a critical step in the derivation of physically mean-
ingful polarizability parameters able to mimic faithfully the
anisotropy of the molecule.*®%* It should be recalled that this
route towards the parametrization of electrostatic and induc-
tion energy terms is bereft of underlying empirical assumptions
and is solely based on quantum mechanical charge and re-
sponse densities. This paves the road to the study of chemical
systems of any sort, ranging from organic and inorganic
compounds to more complex, biologically relevant molecular
assemblies, amenable to quantum chemical calculations.
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